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The Gross-Pitaevskii equation

[ iOru+ Au = (|u]®* = 1)u
(GP): { |u] — 1when |x| — oc.

u:R2 xR — C.

Energy of a solution:

1 1
Ear(u) = [ 5IVuP + {1 - 17
Rz
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The Gross-Pitaevskii equation

[ iOru+ Au = (|u]®* = 1)u
(GP): { |u] — 1when |x| — oc.

u:R2 xR — C.

Energy of a solution:

Ear(u) = [ 5IVuP + {1 - 17
RZ
Cauchy problem: Global well possedness in
e 14 H! (Bethuel-Saut)
e The energy space (Gerard)
e More complex spaces (Gallo, Bethuel-Smets)
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The stationnary problem

(S) : { Au= (Jul®> - 1u

|u| — 1when |x]| — oo.
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The stationnary problem

(S) : { Au= (Jul®> - 1u

|u| — 1when |x]| — oo.

There exists solutions of (S) calles vortices of the form (for n € Z*)

Vi (x) = pa(r)e™.
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The stationnary problem

(S) : { Au= (Jul®> - 1u

|u| — 1when |x]| — oo.

There exists solutions of (S) calles vortices of the form (for n € Z*)

Vi (x) = pa(r)e™.

Theorem (Hervé,Hervé)

For all n € 7Z*, there exists V,,(x) = pn(r)e™ such that
AV, = (Vo> = 1)V,

with pp(0) = 0, pp(+00) = 1.
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Graph of p;
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About vortices of degrees +1

For X € R%,v € R, .
Vl(x—X)e”

is also a stationary solution of (GP).
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About vortices of degrees +1

For X € R%,v € R,

Vi(x — X)e™
is also a stationary solution of (GP).
We have
Vi=W
and
1

~1—
,01(/’) 2r2

when r — oo.

Eliot Pacherie Vortex stability 29/03/2022



About vortices of degrees +1

For X € R%,v € R,

Vi(x — X)e™
is also a stationary solution of (GP).
We have
Vi=W
and
1

~ 1 _—
,01(/’) 2r2
when r — oo.

Question : Orbital stability of V.
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Coercivity around the vortex

(GP)(Vi +¢) = L(e) + NL(¢g) with
Linearized operator:

Ly, () i= —Ae — (1 — |V1]?)e + 2%e(Vie) V4,

Quadratic form:

B(c) = / Vel — (1— [ViP)JeP + 29%e(Vae)
RZ
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Coercivity around the vortex

(GP)(V1 +¢) = L(e) + NL(g) with
Linearized operator:

Ly, () i= —Ae — (1 — |V1]?)e + 2%e(Vie) V4,
Quadratic form:

B(c) = / Vel — (1— ViP)JeP + 29%¢%(Vae)
RZ

Theorem (Del Pino, Felmer, Kowalczyk)

For & € H with ||e|l?) = fgo [V(Vae) 2 + [V, if

/ Re(Z0, Vi) = / Re(20, V1) = / Re(ziVh) = 0,
B(0,1) B(0,1)

B(0,1)

B(e) > w(lelfy + [ 9e(Vie)),
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Vel
1412

lelly = [ 19(Re)? +
R2
controls

Ixelliz < KXV Vaelliz < K(IxV(Vae)ll iz + lIxVelli2)
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Vel
1412

lel 2 —/ V(o) +
R2
controls
nellie < KIS Vaellie < KOV (Vae)l e + [ Velliz)

and by Hardy inequality,

/ VAPIER ) (el + 119 (Vo) ).
we (L+ 2)in(2 + )2
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Sketch of the proof of the coercivity

e Decompose ¢ = ¥ > jez j(r,0) in well choosen harmonics
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Sketch of the proof of the coercivity

e Decompose ¢ = ¥ ez, ¢j(r,8) in well choosen harmonics

e B(e) = ZjeZ Bj(#;)
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Sketch of the proof of the coercivity

e Decompose ¢ = ¥ ez, ¢j(r,8) in well choosen harmonics
e B(e) = ZjeZ Bj(#))
o Bo(¢o) = [z [Veo|?
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Sketch of the proof of the coercivity

e Decompose ¢ = ¥ ez, ¢j(r,8) in well choosen harmonics

B(e) = ZjeZ Bj(#))

Bo($0) = [z [Vo|?

Bi1(¢+1) = [r2 |0rd+1 — A(r)¢+1/? which cancels only if & = 0y, Vi
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Sketch of the proof of the coercivity

e Decompose ¢ = ¥ > jez j(r,0) in well choosen harmonics

B(e) = ZjeZ Bj(#))

BO ¢0 fR2 ‘V¢0|2

Bii(ps1) = fle |0y ¢+1 — A(r)p+1|? which cancels only if £ = D%, V1
B; for |j| > 2 is always coercive
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Usual plan for orbital stability

1) The energy Egp is conserved by the flow
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Usual plan for orbital stability

1) The energy Egp is conserved by the flow
2) EGL(VI(- — X(t))eiv(t) + 8) = EGL(Vl) + B(&T) + NL(&‘)
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Usual plan for orbital stability

1) The energy Egp is conserved by the flow
2) EGL(VI(- — X(t))eiv(t) + 8) = EGL(Vl) + B(&T) + NL(&‘)
3) B(e) > xl|¢||? under three orthogonality conditions
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Usual plan for orbital stability

1)
2)
3)

)

4

The energy Egp is conserved by the flow

Ec(VA(. — X(t))e"®) + &) = Eqi (V1) + B(e) + NL(g)
B(e) > k||¢||? under three orthogonality conditions
NL(e) > —K]lelP?
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Usual plan for orbital stability

1)
2)
3)
)
)

The energy Egp is conserved by the flow

EGL(VI(- — (t)) (1) + 8) = EGL(Vl) + B(é?) + NL(&‘)

B(e) > k||¢||? under three orthogonality conditions

NL(e) > —K]lelP?

1> Egp(Va(. — X(t))e™®) +¢) — Egp(V1) = kllelP(1 — KI[e]l)

4
5
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The energy

1 1
Ear() = [ 5IV6P + 3(uP ~ 12 = [ ean(u).

We have Egp(Vi) = 400 because VVi ~ £ & [?(R?).
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The energy

1 1
Ear() = [ 5IV6P + 3(uP ~ 12 = [ ean(u).

We have Egp(Vi) = 400 because VVi ~ £ & [?(R?).
We define the renormalized energy by

r—oo
r

E(U) = lim / er(u) —eGP(Vl)
and the space
E = {y € Hipc(R?), |91 < +oo, 1 — [¢* € L*(R?)}

— 2
for [[][2 = fige IV(V2w) 2 + 2L
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The energy

1 1
Ear() = [ 5IV6P + 3(uP ~ 12 = [ ean(u).

We have Egp(Vi) = 400 because VVi ~ £ & [?(R?).
We define the renormalized energy by

r—oo
r

E(U) = lim / eGP(u) —eGP(Vl)
and the space
E = {y € Hipc(R?), |91 < +oo, 1 — [¢* € L*(R?)}

— 2
for [[][2 = fige IV(V2w) 2 + 2L

Proposition

& is well defined on E and is invariant by translation and shift of phase.
Furthermore, it is conserved by the flow.

™ = = =yt

Eliot Pacherie Vortex stability 29/03/2022



Minimizing the energy

We have

1 1
Ear() = [ 5IVuP+ 3(uP =17 = [ ean(u).

E(u) = rILn;O/ ecp(u) — egp(V1)

and
E := {4 € Hjpe(R?), |[9)[|1 < +00,1 — |4 € L2(R?)}.

Theorem (Mironescu)

The functional £ satisfies £(u) > 0 for u € E. Furthermore, if £(u) =0,
then there exists a € R2,y € R such that

u=Vi(. —a)e".

Eliot Pacherie Vortex stability 29/03/2022



So far so good

The renormalized energy £ is conserved by the flow
2) E(Vi(. — X(1))e"(®) 4 ¢) = B(e) + NL(¢)

B(e) > k||¢||? under three orthogonality conditions
NL(e) > —K|Je[

5) 1> £(Vi(. — X())e" ™) +¢) = we]P(1 — K][e]])
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Decomposition of the renormalized energy

We have (V1 + ¢) = B(e) + NL(¢) with

1 _
Be) =5 [ IVl — (1= PP + 2016V
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Decomposition of the renormalized energy

We have (V1 + ¢) = B(e) + NL(¢) with

1 _
Be) =5 [ IVl — (1= PP + 2016V

and 1
NL(2) ;:/ Re(Vie)|e? + Z|ef*.
IR2 4
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On a roll !

1) The renormalized energy &£ is conserved by the flow
2) E(Vi(. — X(1))e" ™) + ) = B(e) + NL(e)

3) B(e) = kl|e||? under three orthogonality conditions
4) NL(e) = —K]lelP?

)

5) 1> E(Va(- — X(1))e" ™) + ) > xlle]*(1 — Kl|e]])
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Nonlinear terms

lef?
(14 r2)In(2+r)?

V
Il = [ IVOReP + 15 () +

and

— 1
:/ Re(Vie)|e2 + 1|ef*.
R2 4
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Nonlinear terms

lef?
(14 r2)In(2+r)?

V
Il = [ IVOReP + 15 () +

and

— 1
:/ Re(Vie)|e2 + 1|ef*.
R2 4

[ ReVao)lef = ~Kllell x el
R2

But ||e|[ 4(r2) can not be controlled by |[e]|
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The renormalized energy £ is conserved by the flow
2) EVA(.— X(1))e"® + ) = B(e) + NL(e)

B(e) = kl|||* under three orthogonality conditions
NL(e) > —K][e|P
5) 1> E(VA(. — X(1))e" ™) +€) > nlle|P(1 — K][ell)
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Remark on the nonlinear part

We have

_ 1 1 _ .
NL() = /R Re(Vie)|e P+ el = 4/R2(25)%6(V15)+|5|2)2—/R2 Re(Vie).
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Remark on the nonlinear part

We have

_ 1 1 _ .
NL() = /R Re(Vie)|e P+ el = 4/R2(25)%6(V15)+|5|2)2—/R2 Re(Vie).

We try the degomposi:cion
E(V1+¢) = B(e) + NL(g) with
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he renormalized energy &£ is conserved by the flow
(Va(. = X(£))e" ™) + ) = B(e) + NL(e)
(e ) > /<c|]€]|2 under three orthogonality conditions

2(‘0—|

>5(V1( X(1))e"® +€) > wllel?

20/03/2022
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The new quadratic form

The quadratic form

~ 1
Be)i=5 [ Vel — (1= vaP)lef

has infinitely many negative directions.
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The new quadratic form

The quadratic form

~ 1
Be)i=5 [ Vel — (1= vaP)lef

has infinitely many negative directions.
Remark: ||e|[ does not control ||e|[ 42y but it controls HEHL? (R2)-

Eliot Pacherie

Vortex stability 29/03/2022



Decomposition with a cutoff

For R > 0 we define xg a cutoff with xg =1 in B(0, R) and 0 outside of
B(0,2R).
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Decomposition with a cutoff

For R > 0 we define xg a cutoff with xg =1 in B(0, R) and 0 outside of
B(0,2R). We decompose

E(Vl + 8) = BR(€) + NR(€)

with
1 —
Bi(e) = 5 [ | IVeP = (1= [Pl + 2Ghote? (Vac)
R
and
1 — —
Nr(e) = /]Rz(l — XR)(2Re(Vae) + [e*)? + xR (4%e(Vae) [ + [e]*).
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Still not coercive

The quadratic form Bg has infinitely many negative eigenvalues.
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Still not coercive

The quadratic form Bg has infinitely many negative eigenvalues. This is
because of the term Pr(e) := Pr(V1 + €) where

1

Pr(v) = /]RQ(1 —XR)2|T<7.%(@VN(¢VI)).

We decompose

E(Vi +¢) = Br(e) + Pr(e) + Nr(e).

Eliot Pacherie

Vortex stability
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The final decomposition

1) The renormalized energy £ is conserved by the flow

2) E(Va(. = X(1))e" ™) +¢) = Br(e) + Pr(e) + Nr(e)
3) Br(g) > kl|e||2 under three orthogonality conditions
4) Nr(e) +Pr(e) = —K]|lelf3

5) 1> E(VA(. — X(£))e" ™) + &) > xllel[5(1 — Kllell+)
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Coercivity of Br

Proposition

There exist universal constants ko > 0 and Ny > 0 such that, given any
€ € H verifying the orthogonality conditions

/ \Re(F0 V1) = / \Re(E0, V1) = / \Re(EiVh) = 0,
R? R? R?2

and for any Ry > 1, there exists Ry < R < 2Mo Ry such that

Ba(e) > ro(llelfy + [ xhoe(evi).
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Sketch of the proof

e We decompose € in harmonics
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Sketch of the proof

e We decompose € in harmonics

e Locally the analysis is similar to Del Pino, Felmer, Kowalczyk
(working with xge)
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Sketch of the proof

e We decompose € in harmonics
e Locally the analysis is similar to Del Pino, Felmer, Kowalczyk
(working with xge)

e We have removed the non controllable part Pr(c) at infinity
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Sketch of the proof

e We decompose € in harmonics
e Locally the analysis is similar to Del Pino, Felmer, Kowalczyk
(working with xge)
e We have removed the non controllable part Pr(c) at infinity
e The cutoff location R is chosen to glue these two estimates together
The key difficulty is to have

/ V(RVAE) P + V(1 — xp)VAE) P > & / V(Vie).
R2 R?2
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On the right path

1) The renormalized energy & is conserved by the flow

2) E(Va(. — X(1))eN®) 4+ &) = Br(e) + Pr(e) + Nr(e)

3) Br(e) = ro(|le]|3 + gz X&2Re?(EV1))) under three orthogonality
conditions

4) Ng(e) + Pr(e) = —Kllel3

5) 1> £(Vi(. — X(1))e" ™) +¢) = rlle|3(1 — Kl[ell7)
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The two "nonlinear” terms

We estimate

ko 2 3 Ko 2 m.2(=
Ne(e) > il By — elia, = 2 [ GEEV)

where 1. = 2Re(EV1) + ||?
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The two "nonlinear” terms

We estimate

ko 2 3 Ko 2 m.2(=
Ne(e) > il By — elia, = 2 [ GEEV)

where 1. = 2Re(EV1) + ||?

There exist universal constant 6 > 0,A > 0 and K > 1 such that, for
Vi+eeE, if R>NAand|le||ly+||n:||2 <9, then

K
[Pr(e)l < S (IlellE + llmellz2).
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The two "nonlinear” terms

We estimate
Ko "QO _
Ne(e) > il By — elia, = 2 [ GEEV)

where 1. = 2Re(EV1) + ||?

There exist universal constant 6 > 0,A > 0 and K > 1 such that, for
Vi+eeE, if R>NAand|le||ly+||n:||2 <9, then

Pr(e)] < K(HEIIH + [Imel[Z2)-

This uses a decomposition in frequencies of ¢ first introduced by Patrick
Gérard.
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Final estimations

We choose Ry large enough such that K < 1R
1) The renormalized energy & is conserved by the flow
2) EVA(.— X(t))e"® + ) = Bgr(e) + Pr(e) + Nr(e)
3) Br(e) = ro(|le]|3 + Jre X&Re*(EV1))) under three orthogonality
conditions

4) Nr(e) + Pr(e) > %(I\nel\ — llell) = Kllell?
5) 1> E(VA(. — X(1))e" ™) + &) = fa(llely + l1mel[72) — Kllell,
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We recall

E = {¢ € Hpe(R?), ¢l < +00,1 — [9]* € L2(R?)}

for |43, = Jge2 IV(VaY) 2 + |1V+¢r\22_ We consider the distance

de(v1, ¥2) = |[1 — vallm + |[[e1]? = [¥2]?]] 2.
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Main theorem

We recall

E = {¢ € Hpe(R?), ¢l < +00,1 — [9]* € L2(R?)}

for |43, = Jge2 IV(VaY) 2 + |1V+¢r\22_ We consider the distance

de(v1, ¥2) = |[1 — vallm + |[[e1]? = [¥2]?]] 2.

There exist universal constant § > 0, C > 0 such that, if ¢o € E and
de(Vi,10) < 4, then the solution v with initial data v of the
Gross-Pitaevskii equation satisfies

de(Va, Orb(3r)) < Cde( VA, o)

for any t € R, where Orb(v)) := {7y (. + X),y € R, X € R?}.
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Control of the parameters

Proposition
There exist universal constants 7 > 0, C > 0 such that, if ¥)9 € E and
de(\V4,0) < 7, then there exists two functions X € C*(R,R?) and

v € CY(R,R) such that
de(Va, e Mepe(. + X(t))) < Cde(Va,%0)

and

IX'(0)] + 1/ (£)] < Cde(Va, o). )

20/03/2022
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Open problems

e Asymptotic stability of the vortex
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Open problems

e Asymptotic stability of the vortex
e Unstability of V, for |n| > 2
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Open problems

e Asymptotic stability of the vortex
e Unstability of V, for |n| > 2

e Orbital stability for a pair of vortices
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Pair of vortices

Theorem (Chiron, P.)

There exists ¢ > 0 a small constant such that, for any 0 < ¢ < ¢, there
exists a solution of (TW.)(u) = icOy,u+ Au — (Jul> — 1)u = 0 of the form

Qc = Vi(. — deel)Voa(. + deel) + Te .,

1 1) . . .
where d. = J“’%O() is a continuous function of ¢ and

||rC7dC||C1(]R27(D) = OC—)O(]-)

Eliot Pacherie
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Theorem (Chiron, P.)

There exists ¢y > 0 a small constant such that, for any 0 < ¢ < ¢, there
exists a solution of (TW.)(u) = icOy,u+ Au — (Jul> — 1)u = 0 of the form

Qc = Vi(. — deel)Voa(. + deel) + Te .,

1+oc0(1) s 5 continuous function of ¢ and

ITe.dcllc1(me,c)y = 0c—0(1).

where d. =

Theorem (Chiron, P.)

The function Q. is, for ¢ small enough, the unique (up to translation and
shift of phase) minimizer of the energy at fixed momentum. As such, it is
orbitally stable for the semi distance

Do(u, v) = [[Vu = V|2 + [[|u] = |v]]] 2.
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Thank you for your attention !
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